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Study on the Reduction of Environmental Impacts  
by Lightweight or Electrically Powered Vehicle

Yuu Hurukawa*, Masataka Yano**

(Received September 30,2011 )

Abstract

Environmental impacts of light weight vehicles ( made of Al or CFRP ) and electrically powered vehicle (EV) 
were studied  comparing with gasoline vehicle(GV). based on Life Cycle Assessment(LCA).

Global warming gas emission during life cycle will be 20% reduced by lightning and 44% by electrical powered. 
In the case of EV, CO2 emission during running stage may be reduced to 1/3, caused by lower ratio of fossil fuels in the 
primary energy and higher energy efficiency. Especially collecting of kinetic energy at the time of braking is considerably 
effective.

LCA, CFRP
keyword Environmental Impacts LCA, Global warming gas Aluminum vehicle, CFRP vehicle, Electric vehicle
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LCA(Life 

Cycle Assessment)

LCA 1990

P2000, 35%

CFRP(Carbon Fiber Reinforced Plastics 
3 7
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LCA 8 9

CO2
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2.
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ISO14040
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CFRP

3-2

3-3  

ISO14010

3-4
1

2

7

Table 3-2
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CFRP

CFRP

CFRP

CFRP CF/

EP,CF/PP CF/EP

CF/PP
7

800kg CFRP

70kg

CD
®)v

9EFA

GH

9IA

J�v

9EFA

KLMNOPa

øv9EFA

QR­
9IA

ST z�Q� ³PQ³ zSQS �ÄQP

UV9WAD �ÄQP �ÄQP

XYUV zÃzQ� R{�Q� ÄRQ{ {SQP

ZYUV zS³Q³ R³SQÄ �RQ{ {SQP

[\jUV S�Q³ �³Q{ RÄQ³ {SQP

k]nrUV RSPQ³ ³Ä�QÄ z��Q{ {SQP

^0^9U_"`U©UA RzQÃ RÃQR SQS �PQP

aCU"b}U"cdU z³ÄQz R�³QÄ z��Q� �ÄQP

GcE3GU"eXU RzQz R{Q� SQ³ �PQP

,°U"fgU RSQ� ³zQÃ {Q� �PQP

^0^9ªh©UA �QÄ ÄQÄ zQP ÄPQP

�i Ä�ÄQ� {�Q� z³ÄRQz ��RQ³

G4j¤} ��QR z³zQ{ �ÃQ� {�QP

Bkl RPQ� RRQ{ RQR ÄPQP

m¤} �QÃ ÄQÃ zQP ÄPQP

nm¤} ÃQ� zzQ� �QP {SQP

�i zRPQÃ �QÃ zÃSQ³ S�Q{

opq z�Q� zÄQ� zQP ÄSQP

ors zÄQÃ RPQÃ zQP ÄSQP

ot zPQP zPQ{ PQS ÄSQP

uvw �Q{ ÄQz PQS ÄSQP

oo"^0^x)yz SRQP S�QÃ RQÃ ÄSQP

ou"^0^[{{yz ÄQP ÄQS PQS ÄSQP

|¸"}~� zÄQz SzQP ³zQÄ ³ÃQS

�V� SSQz Ã�QÃ R³Q{ ÃPQP

�i zÄzQÄ z³QÄ RS³Q{ {zQÃ

�2G� �RQ{ {PQ� z�QR ÃPQP
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^0^ ÄQz ÄQz PQP
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bcdeGP fWNghi. 
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1997)
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Table 4-3

CO2 CH4 N2O HFC-134a

Table 4-1 Table 4-2

[\ â¹ �f ®) n~
Gc6¨�

ãäi
[\ â¹ �f ®) n~

Gc6¨�

ãäi

�ç�Îå�Ó �Å� zQRz´yPR zQ³S´yPR �zQ�³´yPz �ç�Îå�Ó �Å� zQRz´yPR zQ³R´yPR �zQzS´yPz

�/�Îå�Ó �Å� {Q³Ã´yPP {Q³z´yPP SQÄP´�PR �/�Îå�Ó �Å� zQP�´yPz SQ�Ä´yPz ��Q�z´yPz

�/ÜÎå�Ó �Å� zQS{´yPz RQ³�´yPz �ÃQ�Ã´yPP �/�Îå�Ó �Å� zQRR´yPz zQRR´yPz SQ³Ã´�PR

���Îå�Ó �Å� zQ��´yP³ zQ³�´yP³ SQÃz´yPz �/ÜÎå�Ó �Å� SQ��´yPz {QÃz´yPz �zQRÃ´yPz

�î�Îå�Ó �Å� ÄQ��´yPP ÄQ��´yPP ³QSS´�P³ ���Îå�Ó �Å� zQS�´yP³ zQSR´yP³ SQSÃ´yPz

�ë�Îå�Ó �Å� RQ��´yPP RQ��´yPP �³QÃS´�PS �¿�Îå�Ó �Å� zQRÃ´yPP {Q��´yPP �SQRz´yPP

�.æÎå�Ó �Å� {QRz´�Pz �QzP´yPP �³Q��´yPP �î�Îå�Ó �Å� �Q�³´yPP �Q�³´yPP ³QRR´�P³

��Îå�Ó �Å� ³Q³P´�PR ³Qz³´�PR zQz{´�P� zQ{z´�P³ RQ{{´�PÃ �ë�Îå�Ó �Å� �QR³´yPP �QR³´yPP �³Q{{´�PS

�ç�Îå�Ó �Å� �QÃz´yPP �QzP´yPP {QzP´�Pz �.æÎå�Ó �Å� SQÄS´�Pz zQP�´�Pz �Q�Ã´�Pz

�Þèa �Å� zQPÄ´yP³ zQzR´yP³ zQ{�´yPP �³Q�Ã´yPz ³QPR´�P³ ��Îå�Ó �Å� RQPS´�Pz ÃQ³³´�PR zQRÄ´�Pz zQ�R´�P³ �QÄ�´�PÃ

�é¸a �Å� zQPP´yP³ ÄQ{S´yPR ³QÄR´yPz �ç�Îå�Ó �Å� zQRÃ´yPP ³Q³Ã´�Pz ÄQ³�´�Pz

�é¼9å�A �Å� {Q{S´yP³ �Q³P´yPR SQ�S´yP³ ��QSz´yPz zQS{´yPz �Þèa �Å� ³QPÃ´yP³ zQ{R´yP³ zQ�Ã´yP³ �RQ��´yPz SQ{z´�P³

��ê�G �Å� RQ�Ä´yPR RQÄP´yPR {Qz�´�Pz �zQ{�´yPP zQ�z´�P³ �é¸a �Å� zQPÄ´yP³ zQPS´yP³ �Qz�´yPz

�/æR �Å� RQ{�´yP� �QzR´yP³ zQÄR´yP� �SQPz´yPR �QÄ�´yPz �é¼9å�A �Å� zQ�³´yP³ zQzz´yP³ RQÃ³´yPR zQÄP´yPz RQ�Ä´yPz

�ç� �Å� ³QPz´�PS RQ�z´�PS ÄQSz´�P� zQ��´�P{ RQS³´�zP ��ê�G �Å� zQRÄ´yP³ {QPS´yPR {Q��´yPR RQSS´yPP RQ{z´�P³

�/è� �Å� {QR³´�Pz zQP�´�Pz SQzÄ´�Pz �RQSP´�P� RQÄÃ´�PÃ �/æR �Å� zQ�P´yP� zQzR´yP� {QÃ�´yP³ �³QP�´yPz ÄQR�´yPz

�/� �Å� RQ�Ä´�P{ RQ³³´�P{ ÃQ�{´�PÄ zQSR´�PÃ RQPÄ´�zz �ç� �Å� zQÄ³´�P� {QÃÄ´�PS zQR³´�P� zQÄÃ´�P{ �Q{Ä´�zP

�/� �Å� SQ�Ã´�PS SQzR´�PS zQÃ³´�PÃ ³Q³�´�P{ �Q{P´�zP �/è� �Å� ³Qz�´�Pz zQ{Ä´�Pz zQ��´�Pz SQRS´�P³ SQSP´�PÃ

�è�/�z³�µ �Å� {QPP´�Pz {QPP´�Pz �/� �Å� zQSÄ´�PS SQ{R´�P{ zQPR´�PS zQ{³´�PÃ ³Q��´�zz

�è� �Å� ³Q{³´�PS ³Q�P´�PS zQzS´�PÃ RQRR´�P{ ³QPS´�zP �/� �Å� ³QSz´�P� zQR�´�P� RQR�´�P� ³QSÄ´�P{ �QS³´�zP

�ëRæ �Å� {Q³S´�Pz ³Q��´�Pz ³QPÄ´�Pz �zQ��´�PR �QPz´�P� �è�/�z³�µ �Å� {QPP´�Pz {QPP´�Pz

�ëîè/ �Å� {Q{R´�PR {QRP´�PR RQPÄ´�P� �QP�´�P³ SQS{´�PÃ �è� �Å� RQ³³´�P� �QRP´�PS zQ��´�P� RQ³�´�P{ SQ{{´�zP

�ëæ� �Å� {QSP´yPP {Q³R´yPP {QzS´�Pz ��Q³S´�Pz zQRS´�P³ �ëRæ �Å� ÃQÃS´�Pz �QÄR´�Pz RQÄR´�Pz �zQPÃ´�PR zQ�Ä´�P³

�ëæ�9ë�a �Å� �QzÄ´yPP RQ³�´yPP zQSÄ´yPP zQÄP´�PR RQP�´�Pz �ëîè/ �Å� �QR�´�Pz zQSP´�Pz RQÃP´�Pz �Q³S´�P³ zQP³´�P{

�ë� �Å� {QzS´�PS SQÃ{´�PS zQÄS´�PÃ ³QÃS´�P{ SQzÃ´�zP �ëæ� �Å� zQPP´yPz ÃQSP´yPP RQ�z´yPP �RQÄz´�Pz RQ³z´�P³

�.æ �Å� zQ��´�P� zQ³S´�P� �QS{´�PÃ �QÃÄ´�P{ zQRz´�PÄ �ëæ�9ë�a �Å� �QRÄ´yPP ³QPÄ´yPP ÃQÄ³´�Pz RQ�Ä´�PR ³QÃ�´�Pz

�ìæR �Å� �QSP´yPP ÄQP{´yPP RQ{z´�Pz ��Qz�´�Pz SQ��´�P� �ë� �Å� ³QÄ�´�P� zQ³Ä´�P� RQSz´�P� �QP�´�P{ ÄQSÄ´�zP

�ìæ� �Å� zQ³R´yPP �QS³´�Pz �Q³Ä´�Pz zQ�P´�PR zQPR´�PR �.æ �Å� ÄQR³´�P� ³QRS´�P� SQ��´�P� ÄQ�{´�P{ RQRS´�PÄ

�aM¡C �Å� �QPP´�Pz ³Q�³´�Pz �Q��´�PR �zQ�³´�P³ ÄQR�´�P³ �ìæR �Å� ÄQRz´yPP ÄQS{´yPP zQÄ�´�Pz �SQSz´�Pz zQPÄ´�P³

�ç� �Å� {Q�S´�zP {Q�S´�zP �ìæ� �Å� RQR�´yPP zQz�´yPP zQPÃ´yPP RQ�R´�PR zQ�Ä´�PR

�ìæã �Å� RQÄS´�PR RQR{´�PR {Q�Ä´�P³ �aM¡C �Å� {Qz�´�Pz �QS³´�Pz zQ�Ã´�Pz zQz�´�P³ zQÃR´�PR

�/æã �Å� RQRÃ´�PR RQRÃ´�PR �ç� �Å� ÄQ�z´�zP ÄQ�z´�zP

�/� �Å� ÄQ{�´�zz ÄQ{�´�zz �ìæã �Å� SQ�S´�PR SQRP´�PR {Q�³´�P³

�/� �Å� zQÄ�´�PÄ zQÄ�´�PÄ �/æã �Å� zQS{´�PR zQS{´�PR

�è� �Å� {Q�S´�zz {Q�S´�zz �/� �Å� zQ�Ã´�zP zQ�Ã´�zP

�¨�À�Î¡��Å� SQP{´yPP zQS�´yPP ³Q��´yPP �/� �Å� RQÄ�´�PÄ RQÄ�´�PÄ

�í3F4¥î�Å� RQ³z´�PR RQzÄ´�PR �Qz³´�PS zQz³´�P³ zQ�{´�PÃ �è� �Å� ÄQ�z´�zz ÄQ�z´�zz

�ïðÎ¡�Ó �Å� RQ{P´yPR RQÄz´yPR �³QPÃ´yPz �¨�À�Î¡��Å� RQÄ{´�Pz ³QP{´�P� RQÄ{´�Pz

��H2G¶b,�Å� RQ�P´yPP ÃQÄ{´�Pz zQ{P´yPP �í3F4¥î�Å� zQ�³´�Pz SQzR´�PR ÄQPS´�PR zQRÃ´�P³ ³Q�S´�PÃ

�ñòÎ¡�Ó �Å� SQ³S´yPR SQ³S´yPR �ïðÎ¡�Ó �Å� RQSÄ´yPR RQ��´yPR �RQ�{´yPz

�£�ó¡���Å� SQ�z´yPR ³Q{{´yPz SQ��´yPR ��H2G¶b,�Å� zQS�´�P� zQS�´�P�

�ô�ÎÎ¡�Ó �Å� RQÄz´yPz ³QS³´yPz �{QzS´yPP �ñòÎ¡�Ó �Å� ³Q{Ã´yPR ³Q{Ã´yPR

�£�ó¡���Å� �QS{´yPR ³QSÃ´yPz �QRz´yPR

�ô�ÎÎ¡�Ó �Å� �QÄz´yPz ÃQ³S´yPz zQS{´yPz

h

i

]

^

�hiå�

õ

ö

÷

`

]

^

�kø

÷`s

¡ø

÷`s

ùú

÷`s

h

i

]

^

�hi]^

õ

ö

÷

`

]

^

�kø

÷`s

¡ø

÷`s

ùú

÷`s

Gc6¨
�`jû%

Gc6¨
�`jû%

s
i

si,i LCICFCI �� 4 � ggggg(4-1) 



50

4

Table 4-4

8.2t 19.3t

27.8t CO2

9.9t

11.3t

21.4t 23%

CFRP 8.0t 12.4t

22.1t 20%

11.3t

3.1t

6.8t

1/3

15.7t 44%

Fig.4-1

Fig.4-2
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4.0 4

CO2

CO2

19.2 11.4 CFRP

11.9 6.8

35%

10 15

CO2
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�3f� �QR³´yP³ zQÄ³´yP� RQÃ�´yPR� SQPP´yPz RQÃ�´yP�

G4jf� ÄQÄR´yP³ zQz³´yP� �Q�Ã´yPz� RQ{P´yPz RQz�´yP�

s�qof� �QP�´yP³ zQzz´yP� RQPÃ´yP³� {Q�³´yPz RQzR´yP�

Bk��f� zQP{´yP� {Q�³´yP³ �zQ�Ã´yP³� �QzP´yPz zQSÃ´yP�

Table 4-3 ( )

Fig.4-1 CO2

Fig.4-2 CO2

Table4-4 4 CO2 kg)

CFi,s LCIs CIi

CO2 kg 1 2.68E+04 2.68E+04

CH4 kg 23 6.23E-01 1.43E+01

N2O kg 296 6.35E-01 1.88E+02

HFC-134a kg 1300 6.00E-01 7.80E+02

2.78E+04
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Fig.4-3
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Fig.7-1
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 CFRP CO2

25%
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� � >aV.?� � � � � � � � � � � � � � � � R:Y�? 

$u -LEMB!"  $u -LEMB!" 

vwxyz 90� � {  |R 39�  

-./. 15  }R 94 

   ~�R 83 

   �BeB 97 

   ���� �8.1 

��!" 13.5  ��!" 32.� 

%

Table 7-2   
CO2

CO2 1/1.37

2.38 1/3.26 31%

CO2

LCA

CO2 35%

Table7-1

CO2

MJ

CO2

38.2  MJ 2.65 kg 0.0694 kg MJ

9.26 kwh
0.446kg kwh 0.0506 kg MJ
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4  11.3t

3.1t

6.8t

1/3

44%

5  CO2

,

 1)  2008 20

  http://www.env.go.jp/earth/ondanka/ghg/index.html

 2  

  http://www.jama.or.jp/lib/jamagazine/199806/01.html

 3  

  Strrodolsky F US DOE Report1995 ANL-ES-CP 87358

 4  LCA

 V15th49-
54 ‘96

 5) 
1999

 6  LCA
2005

 7  
 

 H17

 8  ELIICA LCA KEO Discussion 
Paper No.112, 2008

 9) LCA
 H17

 10  
JEMAI-LCA Pro JEMAI-LCA Pro

 11) ( )
  http://www.airia.or.jp/number/index2.html

 12) EV
3

p.295-298 1998

 13  LCA
4

23 10
2001.10 pp46-53

 14  NEDO: 14
2003

 15   NO  

  
  http://www.nirs.go.jp/kankyo/kankyogi/11/10-11.html

 16   2005.11
  www.jiyu.co.jp/GN/cdv/backnumber/200511/topics02/

topic02_02.html 
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Abstract
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Keywords Coulomb’s law, Law of motion, Theory of special relativity, Maxwell equations

1

2
2 2

2
2

2 X ′Y ′Z ′ (x′, y′, z′, t′)
XY Z (x, y, z, t) 1

x′ x

t′ = t = 0 XY Z X ′Y ′Z ′ x′

u0 = iu0 = (u0, 0, 0) (u0 � 0) (1)

2 2 Q1, Q

X ′Y ′Z ′ Q1 (x1
′, y1

′, z1
′) Q (x′, y′, z′)

u′ (t′) = iux
′ + juy

′ + kuz
′ (2)

SelativityElectromagnetic theory based on Coulomb’law and Theory of SpecialTheory
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1: 2 X ′Y ′Z ′ XY Z

XY Z Q1

u1 = −u0 = iu0 (3)

x Q

u (t) = iux + juy + kuz (4)

β =
u0

c
(5)

x′ =
x − u0t

′√
1 − β2

, y′ = y, z′ = z, t′ =
t − u0

c2
x′√

1 − β2
(6)

∂

∂x
=

1√
1 − β2

∂

∂x′ ,
∂

∂y
=

∂

∂y′ ,
∂

∂z
=

∂

∂z′
,

∂

∂t
= − u0√

1 − β2

∂

∂x′ (7)

dt′

dt
=

1 − u0ux
′

c2√
1 − β2

(8)

ux
′ =

ux − u0

1 − u0ux

c2

, uy
′ =

uy

√
1 − β2

1 − u0ux

c2

, uz
′ =

uz

√
1 − β2

1 − u0ux
′

c2

(9)

X ′Y ′Z ′ m′ XY Z m

m′ =
1√

1 − β2

(
1 − u0ux

c2

)
m (10)

u1 = −u0 = iu0+ ju1 1 1x= iu uy + ku z
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X ′Y ′Z ′ m′ u′

F ′ = iFx
′ + jFy

′ + kFz
′ (11)

XY Z m u

F = iFx + jFy + kFz (12)

F ′ =
d
dt′

(m′u′) , F =
d
dt

(mu) (13)

3.1

(13) F ′ F

Fx = Fx
′ +

u0uy

c2
√

1 − β2
Fy

′ +
u0uz

c2
√

1 − β2
Fz

′ (23)

Fy =
1√

1 − β2
Fy

′ − u0ux

c2
√

1 − β2
Fy

′ (24)

Fz =
1√

1 − β2
Fz

′ − u0ux

c2
√

1 − β2
Fz

′ (25)

(23) (25) F u0 F c F m

F = F c + F m (26)

F c = iFx
′ + j

1√
1 − β2

Fy
′ + k

1√
1 − β2

Fz
′ (27)

F m =
u0

c2
√

1 − β2
{i (uyFy

′ + uzFz
′) − juxFy

′ − kuxFz
′} (28)

(13) F ′ X ′Y ′Z ′ Q Q1

XY X Q D1 Q

F c = Q
D1

ε0
= QE1 (32)

E = E1 =
D1

ε0
Q1 F c

XYZ Q Q1

u1 = −u0 F m

F m = Q

(
u × u1 × D1

c2ε0

)
(34)

u = 0 F m = 0 (26) F = F c

F m u1 Q1 u Q
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Q1 u1 D1 B = B1

B =
u1 × D1

c2ε0
= μ0u1 × D1

(
μ0 =

1
c2ε0

)
(35)

F m = Q (u × B) (36)

(32) (36) (26) F

F = Q (E + u × B) (37)

XY Z Q1 v0

v0 ρ u1 J = ρu1

B =
μ0

4π

∫
v0

J × r

r3
dv (40)

3.2

X ′Y ′Z ′ E′ B′ XY Z

XY Z E B

XY Z Q u = 0 E′ E

Ex = Ex
′

Ey =
1√

1 − β2
(Ey

′ + u0Bz
′)

Ez =
1√

1 − β2
(Ez

′ − u0By
′)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(45)

Q XY Z u B′ B

Bx = Bx
′

By =
1√

1 − β2

(
By

′ − u0

c2
Ez

′
)

Bz =
1√

1 − β2

(
Bz

′ +
u0

c2
Ey

′
) (55)

X ′Y ′Z ′ ρ′ XY Z ρ

ρ =
1 +

u0u1x
′

c2√
1 − β2

ρ′ (60)

X ′Y ′Z ′ J ′ XY Z J

Jx =
Jx

′ + ρ′u0√
1 − β2

, Jz = Jz
′, Jz = Jz

′ (62)
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X ′Y ′Z ′ E′ B′

∇′ × E′ = 0 (63)

∇′ · E′ =
ρ′

ε0
(64)

∇′ · B′ = 0 (65)

∇′ × H ′ = J ′ (66)

∇ · B = 0 (70)

∇· E =
ρ

ε0
(71)

∇× E = −∂B

∂t
(72)

∇× H = J +
∂D

∂t
(73)

(70) (73) (45) (55) (62) (66)
XY Z

4.1

(1) (13) (5)

(2),(3) (13) 2
F ′ F m0

m =
m0√
1 − u2

c2

, m′ =
m0√

1 − u′2

c2

(14)

m′ = m

√√√√√√√
1 − u2

c2

1 − u′2

c2

(9)

6



D�

1 − u′2

c2
= 1 − ux

′2 + uy
′2 + uz

′2

c2
= 1 − (ux − u0)

2 + uy
2
(
1 − β2

)
+ uz

2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2

= 1 − ux
2 − 2uxu0 + u0

2 + uy
2
(
1 − β2

)
+ uz

2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2

=
c2 − 2u0ux +

u0
2ux

2

c2

c2
(
1 − u0ux

c2

)2 − ux
2
(
1 − β2

)
+ ux

2β2 − 2uxu0 + u0
2 + uy

2
(
1 − β2

)
+ uz

2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2

=
c2

c2
(
1 − u0ux

c2

)2 − u0
2 + u2

(
1 − β2

)
c2
(
1 − u0ux

c2

)2 =
c2 − u0

2

c2
(
1 − u0ux

c2

)2 − u2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2

=
c2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2 − u2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2 =
c2
(
1 − β2

)− u2
(
1 − β2

)
c2
(
1 − u0ux

c2

)2

=
c2
(
1 − β2

)(
1 − u2

c2

)

c2
(
1 − u0ux

c2

)2 =

(
1 − β2

)(
1 − u2

c2

)
(
1 − u0ux

c2

)2

∴
1 − u2

c2

1 − u′2

c2

=

(
1 − u0ux

c2

)2

1 − β2

m′ = m
1 − u0ux

c2√
1 − β2

(15)

Fx
′ =

d
dt′

(m′ux
′) =

Fx − u0
dm

dt

1 − u0ux

c2

(16)

Fy
′ =
(

d
dt′

m′uy
′
)

=

√
1 − β2

1 − u0ux

c2

Fy (17)

Fz
′ =

d
dt′

(m′uz
′) =

√
1 − β2

1 − u0ux

c2

Fz. (18)

(8) (15) (13) 1

Fx
′ =

dt

dt′
d
dt

(
ux − u0√

1 − β2
m

)
=

√
1 − β2

1 − u0ux

c2

1√
1 − β2

d (ux − u0)m

dt

=
1

1 − u0ux

c2

{
d
dt

(mux) − u0
dm

dt

}
=

Fx − u0
dm

dt

1 − u0ux

c2

Fy
′ =

dt

dt′
d
dt

⎧⎨
⎩

1 − u0ux

c2√
1 − β2

m · uy

√
1 − β2

1 − u0ux

c2

⎫⎬
⎭ =

√
1 − β2

1 − u0ux

c2

d
dt

(muy) =

√
1 − β2

1 − u0ux

c2

Fy
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Fz
′ =

dt

dt′
d
dt

⎧⎨
⎩

1 − u0ux

c2√
1 − β2

m · uz

√
1 − β2

1 − u0ux

c2

⎫⎬
⎭ =

√
1 − β2

1 − u0ux

c2

d
dt

(muz) =

√
1 − β2

1 − u0ux

c2

Fz

(16) (18)
(14) 1

dm

dt
=

d
dt

m0√
1 − u2

c2

=
d
du

du

dt

m0√
1 − u2

c2

= −1
2

m0(
1 − u2

c2

)3/2

−2u

c2

du

dt

=
m0(

1 − u2

c2

)3/2

u

c2

du

dt
=

1
c2 − u2

m0√
1 − u2

c2

u
du

dt

=
1

c2 − u2

m0√
1 − u2

c2

u·du

dt
=

1
c2 − u2

u ·
(

m
du

dt

)
. (19)

u · u = u2 u · du = udu

(13) 2

F = u
dm

dt
+ m

du

dt
(20)

(19) (20)

u · F = u · udm

dt
+ u ·

(
m

du

dt

)
= u2 dm

dt
+
(
c2 − u2

) dm

dt
= c2 dm

dt

∴ dm

dt
=

u · F
c2

=
uxFx + uyFy + uzFz

c2
, (21)

(21) (16) Fx
′

Fx
′ =

Fx − u0

(
uxFx + uyFy + uzFz

c2

)
1 − u0ux

c2

=
Fx

(
1 − u0ux

c2

)
− u0uyFy

c2
− u0uzFz

c2

1 − u0ux

c2

= Fx −
u0uy

c2

1 − u0ux

c2

Fy −
u0uz

c2

1 − u0ux

c2

Fz (22)

(22) (17) (18) F F ′

Fx = Fx
′ +

u0uy

c2

1 − u0ux

c2

Fy +

u0uz

c2

1 − u0ux

c2

Fz

= Fx
′ +

u0uy

c2

1 − u0ux

c2

1 − u0ux

c2√
1 − β2

Fy
′ +

1 − u0ux

c2√
1 − β2

u0uz

c2

1 − u0ux

c2

Fz
′

= Fx
′ +

u0uy

c2
√

1 − β2
Fy

′ +
u0uz

c2
√

1 − β2
Fz

′ (23)

Fy =
1 − u0ux

c2√
1 − β2

Fy
′ =

1√
1 − β2

Fy
′ − u0ux

c2
√

1 − β2
Fy

′ (24)

Fz =
1 − u0ux

c2√
1 − β2

Fz
′ =

1√
1 − β2

Fz
′ − u0ux

c2
√

1 − β2
Fz

′ (25)



D�

(23) (25) F ′ F ′

XY Z F Q ux, uy, uz

F m F c

F = F c + F m (26)

F c = iFx
′ + j

1√
1 − β2

Fy
′ + k

1√
1 − β2

Fz
′. (27)

F m =
u0

c2
√

1 − β2
{i (uyFy

′ + uzFz
′) − juxFy

′ − kuxFz
′} (28)

X ′Y ′Z ′ Q (x′, y′, z′) (x1
′, y1

′, z1
′)

Q1 D1
′

r′ = i (x′ − x1
′) + j (y′ − y1

′) + k (z′ − z1
′)

D1
′ = iD1x

′ + jD1y
′ + kD1z

′ =
Q1

4π

r′

r′3
(29)

Q F ′

F ′ = (Fx
′, Fy

′, Fz
′) = Q

D1
′

ε0
=

Q

ε0
(D1x

′, D1y
′, D1z

′) (30)

Q1 D1
′ XY Z

D1 = iD1x + jD1y + kD1z

(6) XY Z x
√

1 − β2

y, z D1

D1x = D1x
′, D1y =

D1y
′√

1 − β2
, D1z =

D1z
′√

1 − β2
(31)

(27) (30)

F c = Q
D1

ε0
= QE1 (32)

F c XY Z Q Q1 (27)
(30) (31)

F c = iFx
′ + j

1√
1 − β2

Fy
′ + k

1√
1 − β2

Fz
′

=
Q

ε0

{
iD1x

′ + j
1√

1 − β2
D1y

′ + k
1√

1 − β2
D1z

′
}

=
Q

ε0

{
iD1x + j

1√
1 − β2

√
1 − β2D1y + k

1√
1 − β2

√
1 − β2D1z

}

=
Q

ε0
{iD1x + jD1y + kD1z} = Q

D1

ε0

�
(28) F m

F m =
1

c2
√

1 − β2
u × (u0i × F ′) =

1
c2
√

1 − β2
u × (u1 × F ′) (33)



D�

(30)

u1 × F ′ = u1 × QD1
′

ε0
=

Q

ε0
u1 × D1

′ =
Q

ε0
(−ju0D1z

′ + ku0D1y
′)

(31)

u1 × F ′ =
Q
√

1 − β2

ε0

(
−ju0

D1z
′√

1 − β2
+ ku0

D1y
′√

1 − β2

)
=

Q
√

1 − β2

ε0
u1 × D1

F m = Q

(
u × u1 × D1

c2ε0

)
(34)

u = 0 F m = 0 F = F c F m XY Z u1

Q1 u Q (34) u1 ×D1

Q1 D1 u1 B

B =
u1 × D1

c2ε0
= μ0 (u1 × D1)

(
μ0 ≡ 1

c2ε0

)
(35)

(34)

F m = Q (u × B) (36)

(32) (36) (26) F

F = Q (E + u × B) (37)

XY Z 1 Q1 X ′Y ′Z ′

XY Z Q1, · · · , Qn u1, · · · ,un

Qi (i = 1, · · · , n) X ′Y ′Z ′ Qi Qi

X ′Y ′Z ′ XY Z x′ x X ′Y ′Z ′ x′

ui
′ = −ui Q1, · · · , Qn Q

B (35)

B = μ0

n∑
i=1

(ui × Di)

Q F

F = Q
n∑

i=1

(Ei + u × Bi)

Di XY Z ui Qi Q

Qi ui

v0

XY Z v0

(x1, y1, z1) ρ u1 v0 D

(x, y, z) D B

r = i (x − x1) + j (y − y1) + k (z − z1)



DD

D =
1
4π

∫
v0

ρ
r

r3
dv1 (38)

B =
μ0

4π

∫
v0

ρu1 × r

r3
dv1

F = Q (E + u × B) (39)

(x1, y1, z1) J

J = ρu1

J B

B =
μ0

4π

∫
v0

J × r

r3
dv1 (40)

D (x, y, z) ,B (x, y, z) ρ (x1, y1, z1) , J (x1, y1, z1) dv1 =dx1dy1dz1

t

4.2

X ′Y ′Z ′ E′ B′

E′ = (Ex
′, Ey

′, Ez
′) , B′ = (Bx

′, Bx
′, Bx

′) (41)

XY X E B

E = (Ex, Ey, Ez, t) , B = (Bx, By, Bz, t)

X ′Y ′Z ′ Q u′ X ′Y ′Z ′

(39)
F ′ = Q

(
E′ + u′ × B′) (42)

F ′ F (47)
XY Z Q u = 0 (39)

(39)

F = F c = QE

(27)

F = QE = iFx
′ + j

1√
1 − β2

Fy
′ + k

1√
1 − β2

Fz
′ (43)

XY Z Q

u′ = −iu0 = u0 = (−u0, 0, 0) (44)

(42)
Ex = Ex

′

Ey =
1√

1 − β2
(Ey

′ + u0Bz
′)

Ez =
1√

1 − β2
(Ez

′ − u0By
′)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(45)



D�

(42) (Fx
′, Fy

′, Fz
′) 43)

Q (Ex, Ey, Ez) =

(
Fx

′,
1√

1 − β2
Fy

′,
1√

1 − β2
Fz

′
)

=

(
QEx

′,
1√

1 − β2
Q (Ey

′ + u0Bz
′) ,

1√
1 − β2

Q (Ez
′ − u0By

′)

)

(45)
Q XY Z u u′

u′ = iux
′ + juy

′ + kuz
′ = (ux

′, uy
′, uz

′)

(23) (25) F ′ X ′Y ′Z ′ E′ B′

Fx
′ = Q (Ex

′ + uy
′Bz

′ − uz
′By

′)
Fy

′ = Q (Ey
′ + uz

′Bx
′ − ux

′Bz
′)

Fz
′ = Q (Ez

′ + ux
′By

′ − uy
′Bx

′)

⎫⎪⎬
⎪⎭ (46)

(9) F

Fx = QEx
′ +

Q√
1 − β2

{
uy

(
Bz

′ +
u0

c2
Ey

′
)
− uz

(
By

′ − u0

c2
Ez

′
)}

Fy =
Q√

1 − β2
(Ey

′ + u0Bz
′) + Q

{
uzBx

′ − ux√
1 − β2

(
Bz

′ +
u0

c2
Ey

′
)}

Fz =
Q√

1 − β2
(Ez

′ − u0By
′) + Q

{
ux√

1 − β2

(
By

′ − u0

c2
Ez

′
)
− uzBx

′
}

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(47)

(28) (27) (26)

F = iFx + jFy + kFz = F c + F m

= iFx
′ +

1√
1 − β2

(jFy
′ + kFz

′)

+
u0

c2
√

1 − β2
{i (uyFy

′ + uzFz
′) − juxFy

′ − kuxFz
′}

= i

{
Fx

′ +
1√

1 − β2

u0

c2
(uyFy

′ + uzFz
′)

}

+ j
1√

1 − β2

(
1 − u0

c2
ux

)
Fy

′ + k
1√

1 − β2

(
1 − u0

c2
ux

)
Fz

′

Fx = Fx
′ +

1√
1 − β2

u0

c2
(uyFy

′ + uzFz
′)

Fy =
1√

1 − β2

(
1 − u0ux

c2

)
Fy

′

Fz =
1√

1 − β2

(
1 − u0ux

c2

)
Fz

′

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(48)

uy



��

1 − β2

1 − u0ux

c2

=
1 − u0

2

c2

1 − u0ux

c2

=
1 − u0ux

c2
+

u0ux

c2
− u0

2

c2

1 − u0ux

c2

= 1 +
u0

c2

ux − u0

1 − u0ux

c2

= 1 +
u0

c2
ux

′ (49)

(46) (48) Fx

Fx = Q (Ex
′ + uy

′Bz
′ − uz

′By
′)

+
Q√

1 − β2

u0

c2
uy (Ey

′ + uz
′Bx

′ − ux
′Bz

′) +
Q√

1 − β2

u0

c2
uz (Ez

′ + ux
′By

′ − uy
′Bx

′)

= Q

⎛
⎝Ex

′ +
uy

√
1 − β2

1 − u0ux

c2

Bz
′ − uz

√
1 − β2

1 − u0ux

c2

By
′

⎞
⎠

+
Q√

1 − β2

u0

c2
uy (Ey

′ + uz
′Bx

′ − ux
′Bz

′) +
Q√

1 − β2

u0

c2
uz (Ez

′ + ux
′By

′ − uy
′Bx

′)

= QEx
′ +

Q√
1 − β2

uy

⎛
⎝ 1 − β2

1 − u0ux

c2

Bz
′ +

u0

c2
Ey

′ +
u0

c2
uz

′Bx
′ − u0

c2
ux

′Bz
′

⎞
⎠

+
Q√

1 − β2
uz

⎛
⎝− 1 − β2

1 − u0ux

c2

By
′ +

u0

c2
Ez

′ +
u0

c2
ux

′By
′ − u0

c2
uy

′Bx
′

⎞
⎠

= QEx
′ +

Q√
1 − β2

uy

{(
1 +

u0

c2
ux

′
)

Bz
′ +

u0

c2
Ey

′ +
u0

c2
uz

′Bx
′ − u0

c2
ux

′Bz
′
}

+
Q√

1 − β2
uz

{
−
(
1 +

u0

c2

)
ux

′By
′ +

u0

c2
Ez

′ +
u0

c2
ux

′By
′ − u0

c2
uy

′Bx
′
}

= QEx
′ +

Q√
1 − β2

uy

(
Bz

′ +
u0

c2
Ey

′ +
u0

c2
uz

′Bx
′
)

− Q√
1 − β2

uz

(
ux

′By
′ − u0

c2
Ez

′ +
u0

c2
uy

′Bx
′
)

(50)

u0

c2
uyuz

′Bx
′ − u0

c2
uzuy

′Bx
′ =

u0

c2

⎛
⎝uy

uz

√
1 − β2

1 − u0ux

c2

− uz
uy

√
1 − β2

1 − u0ux

c2

⎞
⎠Bx

′ ≡ 0

(50)

Fx = QEx
′ +

Q√
1 − β2

{
uy

(
Bz

′ +
u0

c2
Ey

′
)
− uz

(
ux

′By
′ − u0

c2
Ez

′
)}

(51)
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(48) Fy (46) (9)

Fy =
1√

1 − β2

(
1 − u0ux

c2

)
Q (Ey

′ + uz
′Bx

′ − ux
′Bz

′)

=
Q√

1 − β2

(
1 − u0ux

c2

)⎛⎝Ey
′ +

uz

√
1 − β2

1 − u0ux

c2

Bx
′ − ux − u0

1 − u0ux

c2

Bz
′

⎞
⎠

=
Q√

1 − β2

{(
1 − u0ux

c2

)
Ey

′ + uz

√
1 − β2Bx

′ − (ux − u0)Bz
′
}

=
Q√

1 − β2

{
(Ey

′ + u0Bz
′) + uz

√
1 − β2Bx

′ − uxBz
′ − u0ux

c2
Ey

′
}

=
Q√

1 − β2
(Ey

′ + u0Bz
′) + Q

{
uzBx

′ − ux√
1 − β2

(
Bz

′ +
u0

c2
Ey

′
)}

(52)

(48) Fz (46) (9)

Fz =
1√

1 − β2

(
1 − u0ux

c2

)
Q (Ez

′ + ux
′By

′ − uy
′Bx

′)

=
Q√

1 − β2

(
1 − u0ux

c2

)⎛⎝Ez
′ +

ux − u0

1 − u0ux

c2

By
′ − uy

√
1 − β2

1 − u0ux

c2

Bx
′

⎞
⎠

=
Q√

1 − β2

{(
1 − u0ux

c2

)
Ez

′ + (ux − u0)By
′ − uy

√
1 − β2Bx

′
}

=
Q√

1 − β2

{
(Ez

′ − u0By
′) + uxBy

′ − u0ux

c2
Ez

′ − uy

√
1 − β2Bx

′
}

=
Q√

1 − β2
(Ez

′ − u0By
′) + Q

{
ux√

1 − β2

(
By

′ − u0

c2
Ez

′
)
− uyBx

′
}

(53)

(51) (53) (47)
(39) XY Z

F = Q (E + u × B) (54)

E (45) (47) (54) B B′

Bx = Bx
′

By =
1√

1 − β2

(
By

′ − u0

c2
Ez

′
)

Bz =
1√

1 − β2

(
Bz

′ +
u0

c2
Ey

′
) (55)

X ′Y ′Z ρ′ dv′ ρ′dv′ u1
′

XY Z dv ρdv u1

ρ0dv0 X ′Y ′Z ′ XY Z

dv′ = dv0

(
1 − u1

′2

c2

)1/2

, dv = dv0

(
1 − u1

2

c2

)1/2

(56)

ρ′dv′ = ρdv = ρ0dv0 (57)



��

(56) (57)

ρ

ρ′
=

dv′

dv
=

⎛
⎜⎝1 − u1

′2

c2

1 − u1
2

c2

⎞
⎟⎠

1/2

(58)

(9) ⎛
⎜⎝1 − u1

′2

c2

1 − u1
2

c2

⎞
⎟⎠

1/2

=
1 +

u0u1x
′

c2√
1 − β2

(59)

1 − u1
′2

c2
= 1 − 1

c2

(u1x
′ + u0)

2(
1 +

u0u1x
′

c2

)2 =
c2

(
1 +

u0u1x
′

c2

)2

− (u1x
′ + u0)

2

c2

(
1 +

u0u1x
′

c2

)2

=
c2 + 2u0u1x

′ +
(u0u1x

′)2

c2
− u1x

′2 − 2u1x
′u0 − u0

2

c2

(
1 +

u0u1x
′

c2

)2

=
c2 +

(u0u1x
′)2

c2
− u1x

′2 − u0
2

c2

(
1 +

u0u1x
′

c2

)2 =
1 − u0

2

c2
+

(u0u1x
′)2

c4
− u1x

′2

c2(
1 +

u0u1x
′

c2

)2

=
1 − u0

2

c2
− u1x

′2

c2

(
1 − u2

0

c2

)
(

1 +
u0u1x

′

c2

)2 =

(
1 − u1x

′2

c2

)(
1 − u0

2

c2

)
(

1 +
u0u1x

′

c2

)2

=

(
1 − u1x

′2

c2

)(
1 − β2

)
(

1 +
u0u1x

′

c2

)2

(59)
(58) (59) X ′Y ′Z ′ ρ′ XY Z ρ

ρ (x, y, z, t) =
1 +

u0u1x
′

c2√
1 − β2

ρ′ (x′, y′, z′, t′) (60)

X ′Y ′Z ′ J ′ (x′, y′, z′) XY Z J (x, y, z, t)

J = iJx + jJy + kJz = ρu1, J ′ = iJx
′ + jJy

′ + kJz
′ = ρu1

′ (61)u1
′ρ′
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(9) 60)

Jx = ρu1x =
1 +

u0u1x
′

c2√
1 − β2

ρ′ · u1x
′ + u0

1 +
u0u1x

′

c2

ρ′ =
ρ′ (u1x

′ + u0)√
1 − β2

=
Jx

′ + ρ′u0√
1 − β2

Jy = ρu1y =
1 +

u0u1x
′

c2√
1 − β2

ρ′ · u1y
′√1 − β2

1 +
u0u1x

′

c2

= u1y
′ = Jy

′

Jz =
1 +

u0u1x
′

c2√
1 − β2

ρ′ · u1z
′√1 − β2

1 +
u0u1x

′

c2

= ρ′u1z
′ = Jz

′

∴ Jx =
Jx

′ + ρ′u0√
1 − β2

, Jy = Jy
′, Jz = Jz

′ (62)

X ′Y ′Z ′ E′ B′

∇′ × E′ = 0 (63)

∇′ · E′ =
ρ′

ε0
(64)

∇′ · B′ = 0 (65)

∇′ × H ′ = J ′ (66)

(1) (63) (x1
′, y1

′, z1
′) Q (x′, y′, z′) D′ (x′, y′, z′) =

ε0E
′ (x′, y′, z′) (29)

E′ =
D′

ε0
=

Q

4πε0

r′

r′3
= − Q

4πε0
∇′
(

1
r′

)

∇′ × E′ = − Q

4πε0
∇′ ×∇′

(
1
r

)
= 0

∇′ (x1
′, y1

′, z1
′)

(2) (64) v0
′ (x1

′, y1
′, z1

′) ρ′ (x1
′, y1

′, z1
′)

(x′, y′, z′) E′ (x′, y′, z′) (38)

E′ =
1

4πε0

∫
v0′

ρ′
r′

r′3
dv′ (dv′ = dx1

′dy1
′dz1

′) (67)

v0
′ S S V S

n ∫
S

E′ · ndS =
1

4πε0

∫
v0′

ρ′
(∫

S

r′ · ndS

r′3

)
dv′ = − 1

4πε0

∫
v0′

ρ′
(∫

S

∇
(

1
r

)
· ndS

)
dv′

=
1

4πε0

∫
v0′

(ρ′) 4πdv′ =
1
ε0

∫
v0′

ρ′dv′ =
∫

V

ρ′

ε0
dV

Gauss ∫
S

E1 · ndS =
∫

V

∇ · E′dV

2 ∫
V

∇ · E′dV =
∫

V

ρ′

ε0
dV

E′
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∴ ∇ · E1
′ =

ρ′

ε0

(3) (65) v0
′ (x1

′, y1
′, z1

′) J ′ (x1
′, y1

′, z1
′)

(x′, y′, z′) B′ (x′, y′, z′) (40)

B′ =
μ0

4π

∫
v0′

J ′ × r′

r′3
dv′ (dv′ = dx1

′dy1
′dz1

′)

B′ =
μ0

4π

∫
v0′

J ′ × r′

r′3
dv′ = −μ0

4π

∫
v0′

J ′ ×∇′
(

1
r′

)
dv′

=
μ0

4π

∫
v0′

{
∇′ ×

(
J ′

r′

)
− 1

r′
∇′ × J ′

}
dv′ =

μ0

4π

∫
v0′

∇′ ×
(

J ′

r′

)
dv′

∇′× (x′, y′, z′) J ′ (x1
′, y1

′, z1
′) ∇′ × J ′ = 0

∇′ · B′ = ∇′ ·
{

μ0

4π

∫
v0′

∇′ ×
(

J ′

r′

)
dv′
}

=
μ0

4π

∫
v0′

∇′ ·
{
∇′ ×

(
J ′

r′

)}
dv′ = 0

A′ =
μ0

4π

∫
v0′

J ′

r′
dv′ (68)

A′ B′

(4) (66) (68)

∇′ · A′ =
μ0

4π

∫
v0′

∇′ ·
(

J ′

r′

)
dv′ (dv′ = dx1

′dy1
′dz1

′)

=
μ0

4π

∫
v0′

{
1
r′
∇′ · J ′ − J ′ · ∇′

(
1
r′

)}
dv′ = −μ0

4π

∫
v0′

J ′ · ∇′
(

1
r′

)
dv′

∇′· (x′, y′, z′) J ′ (x1
′, y1

′, z1
′) ∇′ ·J ′ = 0

Gauss

∇′ · A′ = −μ0

4π

∫
v0′

J ′ · ∇′
(

1
r′

)
dv′ = −μ0

4π

∫
V

J ′ · ∇′
(

1
r′

)
dv′

= −μ0

4π

∫
S

J ′ · n
r′

dS

S v0 S J ′ = 0

∇′ · A′ = 0

∇′ × B = ∇′ ×∇′ × A = ∇′ (∇′ · A) −∇′2A = −∇′2A

(68)

∇′ × B′ = − ∇′2A′ = − μ0∇′2
(

1
4π

∫
v0′

J ′

r′
dv′
)

= μ0J
′ (69)

∴ ∇′ × H ′ = J ′

(69)

V =
1
4π

∫
dv0′

J ′

r′
dv′

S v0 S J ′ = 0v0

V =
1
4π

∫
dv0′

J ′

r′
dv′

dv0′

J ′

r′
dv′
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∇′2V = −J ′

∇′2
(

1
4π

∫
v0′

J ′

r′
dv′
)

= J ′

(63) (66)
(7)

X ′Y ′Z ′ E B t′
∂

∂t′
= 0

∇ · B (55)

∇ · B =
∂Bx

∂x
+

∂By

∂y
+

∂Bz

∂z

=
1√

1 − β2

∂Bx
′

∂x′ +
1√

1 − β2

∂

∂y′
(
By

′ − u0

c2
Ez

′
)

+
1√

1 − β2

∂

∂z′
(
Bz

′ +
u0

c2
Ey

′
)

=
1√

1 − β2

{
∂Bx

′

∂x′ +
(

∂By
′

∂y′ − u0

c2

∂Ez
′

∂y′

)
+
(

∂Bz
′

∂z′
+

u0

c2

∂Ey
′

∂z′

)}

=
1√

1 − β2

(
∂Bx

′

∂x′ +
∂By

′

∂y′ +
∂Bz

′

∂z′

)
− u0

c2
√

1 − β2

(
∂Ez

′

∂y′ − ∂Ey
′

∂z′

)

=
∇ · B′√
1 − β2

− u0

c2
√

1 − β2

(∇′ × E′)
x

(65) (63) 2 0

∇ · B = 0 (70)

∇ · E (45)

∇ · E =
∂Ex

∂x
+

∂Ey

∂y
+

∂Ez

∂z

=
1√

1 − β2

∂Ex
′

∂x
+

1√
1 − β2

∂

∂y′ (Ey
′ + u0Bz

′) +
1√

1 − β2

∂Ez

∂z′
(Ez

′ − u0By
′)

=
1√

1 − β2

{
∂Ex

′

∂x′ +
(

∂Ey
′

∂y′ + u0
∂Ez

′

∂y′

)
+
(

∂Ez
′

∂z′
− u0

∂Ey
′

∂z′

)}

=
1√

1 − β2

(
∂Ex

′

∂x′ +
∂Ey

′

∂y′ +
∂Ez

′

∂z′

)
+ u0

(
∂Bz

′

∂y′ − ∂By
′

∂z′

)

=
1√

1 − β2

{∇′ · E′ + u0

(∇′ × B′)
x

}

(64) (66)

∇ · E =
1√

1 − β2

{
ρ′

ε0
+ u0

(∇′ × μ0H
′)

x

}
=

1√
1 − β2

{
ρ′

ε0
+ u0μ0

(∇′ × H ′)
x

}

=
1√

1 − β2

{
ρ′

ε0
+ μ0u0 (J ′)x

}
=

1
ε0

√
1 − β2

(ρ′ + ε0μ0u0Jx
′)

(61)
Jx

′ = u1x
′ρ

′
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(60)

∇· E =
1

ε0

√
1 − β2

(
ρ′ +

u0u1x
′

c2
ρ

′
)

=
1
ε0

1√
1 − β2

(
1 +

u0u1x
′

c2

)
ρ

′
=

ρ

ε0

∇· E =
ρ

ε0
(71)

∇× E (45) (63) (65)

∇× E = i

(
∂Ez

∂y
− ∂Ey

∂z

)
+ j

(
∂Ex

∂z
− ∂Ez

∂x

)
+ k

(
∂Ey

∂x
− ∂Ex

∂y

)

= i

{
1√

1 − β2

∂

∂y′ (Ez
′ − u0By

′) − 1√
1 − β2

∂

∂z′
(Ey

′ + u0Bz
′)

}

+ j

⎧⎨
⎩∂Ex

′

∂z′
−
(

1√
1 − β2

)2
∂

∂x′ (Ez
′ − u0By

′)

⎫⎬
⎭+ k

⎧⎨
⎩
(

1√
1 − β2

)2
∂

∂x′ (Ey
′ + u0Bz

′) − ∂Ex
′

∂y′

⎫⎬
⎭

= i

[
1√

1 − β2

{(
∂Ez

′

∂y′ − u0
∂By

′

∂y′

)
−
(

∂Ey
′

∂z′
+ u0

∂Bz
′

∂z′

)}]

+ j

{
∂Ex

′

∂z′
− 1

1 − β2

(
∂Ez

′

∂x′ − u0
∂By

′

∂x′

)}
+ k

{
1

1 − β2

(
∂Ey

′

∂x′ + u0
∂Bz

′

∂x′

)
− ∂Ex

′

∂y′

}

= i
1√

1 − β2

{(
∂Ez

′

∂y′ − ∂Ey
′

∂z′

)
− u0

(
∂Bx

′

∂x′ +
∂By

′

∂y′ +
∂Bz

′

∂z′

)
+ u0

∂Bx
′

∂x′

}

+ j

{
∂Ex

′

∂z′
− 1 − β2 + β2

1 − β2

∂Ez
′

∂x′ +
u0

1 − β2

∂By
′

∂x′

}
+ k

{
1 − β2 + β2

1 − β2

∂Ey
′

∂x′ +
u0

1 − β2

∂Bz
′

∂x′ − ∂Ex
′

∂y′

}

= i
1√

1 − β2

{(
∂Ez

′

∂y′ − ∂Ey
′

∂z′

)
− u0

(
∂Bx

′

∂x′ +
∂By

′

∂y′ +
∂Bz

′

∂z′

)
+ u0

∂Bx
′

∂x′

}

+ j

{(
∂Ex

′

∂z′
− ∂Ez

′

∂x′

)
+

u0

1 − β2

∂By
′

∂x′ − β2

1 − β2

∂Ez
′

∂x′

}

+ k

{(
∂Ey

′

∂x′ − ∂Ex
′

∂y′

)
+

u0

1 − β2

∂Bz
′

∂x′ +
β2

1 − β2

∂Ey
′

∂x′

}

= i

[
1√

1 − β2

{(∇′ × E′)
x
− u0

(∇′ · B′)− ∂Bx
′

∂t

}]

+ j

[(
∂Ex

′

∂z′
− ∂Ez

′

∂x′

)
+

1√
1 − β2

{
u0√

1 − β2

∂By
′

∂x′ − u0

c2

u0√
1 − β2

∂Ez
′

∂x′

}]

+ k

[(
∂Ey

′

∂x′ − ∂Ex
′

∂y′

)
+

1√
1 − β2

{
u0√

1 − β2

∂Bz
′

∂x′ +
u0

c2

u0√
1 − β2

∂Ey
′

∂x′

}]

= i

[
1√

1 − β2

{(∇′ × E′)
x
− u0

(∇′ · B′)− ∂Bx
′

∂t

}]

+ j

{(∇′ × E′)
y

+
1√

1 − β2

(
−∂By

′

∂t
+

u0

c2

∂Ez
′

∂t

)}
+ k

{(∇′ × E′)
z

+
1√

1 − β2

(
−∂Bz

′

∂t
− u0

c2

∂Ey
′

∂t

)}

= i

(
−∂Bx

′

∂t

)
− j

∂

∂t

{
1√

1 − β2

(
By

′ − u0

c2
Ez

′
)}

− k
∂

∂t

{
1√

1 − β2

(
Bz

′ +
u0

c2
Ey

′
)}

(55)

∇× E = −
(

i
∂Bx

∂t
+ j

∂By

∂t
+ k

∂Bz

∂t

)
= −∂B

∂t
(72)
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∇× H

∇× H =
1
μ0

{
i

(
∂Bz

∂y
− ∂By

∂z

)
+ j

(
∂Bx

∂z
− ∂Bz

∂x

)
+ k

(
∂By

∂x
− ∂Bx

∂y

)}

=
i

μ0

[
∂

∂y′

{
1√

1 − β2

(
Bz

′ +
u0

c2
Ey

′
)}

−
{

∂

∂z′
1√

1 − β2

(
By

′ − u0

c2
∂Ez

′
)}]

+
j

μ0

{
∂Bx

′

∂z′
− 1√

1 − β2

∂

∂x′

{
1√

1 − β2

(
Bz

′ +
u0

c2
Ey

′
)}}

+
k

μ0

{
1√

1 − β2

∂

∂x′

{
1√

1 − β2

(
By

′ − u0

c2
Ez

′
)}

− ∂Bx
′

∂y′

}

=
i

μ0

[
1√

1 − β2

{
∂Bz

′

∂y′ − ∂By
′

∂z′
+

u0

c2

(
∂Ey

′

∂y′ +
∂Ez

′

∂z′

)}]

+
j

μ0

{
∂Bx

′

∂z′
− 1

1 − β2

(
∂Bz

′

∂x′ +
u0

c2

∂Ey
′

∂x′

)}
+

k

μ0

{
1

1 − β2

(
∂By

′

∂x′ − u0

c2

∂Bz
′

∂x′

)
− ∂Bx

′

∂y′

}

=
i

μ0

[
1√

1 − β2

(∇× B′)
x

+
u0

c2

(
∂Ey

′

∂y′ +
∂Ez

′

∂z′

)]

+
j

μ0

{
∂Bx

′

∂z′
− 1 − β2 + β2

1 − β2

∂Bz
′

∂x′ − u0

c2

1
1 − β2

∂Ey
′

∂x′

}

+
k

μ0

{
1 − β2 + β2

1 − β2

∂By
′

∂x′ − u0

c2

1
1 − β2

∂Bz
′

∂x′ − ∂Bx
′

∂y′

}

=
i

μ0

1√
1 − β2

{(
∂Bz

′

∂y′ − ∂By
′

∂z′

)
+

u0

c2
√

1 − β2

(
∂Ex

′

∂x′ +
∂Ey

′

∂y′ +
∂Ez

′

∂z′

)
− u0

c2
√

1 − β2

∂Ex
′

∂x′

}

+
j

μ0

{(
∂Bx

′

∂z′
− ∂Bz

′

∂x′

)
− u0

c2 (1 − β2)
∂Ey

′

∂x′ − β2

1 − β2

∂Bz
′

∂z′

}

+
k

μ0

{(
∂By

′

∂x′ − ∂Bx
′

∂y′

)
− u0

c2 (1 − β2)
∂Ez

′

∂x′ +
β2

1 − β2

∂By
′

∂x′

}

=
i

μ0

[
1√

1 − β2

{(∇′ × B′)
x

+
u0

c2
√

1 − β2

(∇′ · E′)+
1
c2

∂Ex
′

∂t

}]

+
j

μ0

{(
∂Bx

′

∂z′
− ∂Bz

′

∂x′

)
− u0

c2 (1 − β2)
∂Ey

′

∂x′ − u0

c2

u0

1 − β2

∂Bz
′

∂z′

}

+
k

μ0

{(
∂By

′

∂x′ − ∂Bx
′

∂y′

)
− u0

c2 (1 − β2)
∂Ez

′

∂x′ +
u0

c2

u0

1 − β2

∂By
′

∂x′

}

=
i

μ0

[
1√

1 − β2

{(∇′ × B′)
x

+
u0

c2
√

1 − β2

(∇′ · E′)+
1
c2

∂Ex
′

∂t

}]

+
j

μ0

[(
∂Bx

′

∂z′
− ∂Bz

′

∂x′

)
+

1
c2
√

1 − β2

{
− u0√

1 − β2

∂

∂x′

(
Ey

′ − u0

c2

∂Bz
′

∂z′

)}]

+
k

μ0

[(
∂By

′

∂x′ − ∂Bx
′

∂y′

)
+

1

c2
√

1 − β2

{
− u0√

1 − β2

∂

∂x′

(
Ez

′ +
u0By

′

c2

)}]

=
i

μ0

[
1√

1 − β2

{
μ0

(∇′ × H ′)
x

+
u0

c2
√

1 − β2

(∇′ · E′)+
1
c2

∂Ex
′

∂t

}]

+
j

μ0

{
μ0

(∇′ × H ′)
y

+
1

c2
√

1 − β2

(
∂Ey

′

∂t
+ u0

∂Bz
′

∂t

)}

+
k

μ0

{
μ0

(∇′ × H ′)
z

+
1

c2
√

1 − β2

(
∂Ez

′

∂t
− u0

∂By
′

∂t

)}

(55)
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(64) (66) (45)

∇× H =
i

μ0

(
1√

1 − β2
μ0Jx

′ +
u0

c2
√

1 − β2

ρ′

ε0
+
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